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1 The FRBNY DSGE model: SW original model

1.1 Model

In this section we describe in detail the Smets and Wouters (2007) model, henceforth

SW), and emphasize the differences with the DSSW model.

1.1.1 Intermediate firms

We follow SW and assume the production function to be:
Yi(i) = max{e™ K (i) (Li(i)e?")' ™" — @Ot a8 o}, (1.1)

where
Zt = pz2t—1 + Oz€xt, €t ™~ N(O, 1) (12)
(Note that what SW call “y” in our notation is €7, and that they assume T = 1.) SW

assume that productivity Z; is stationary. Define Z; as follows:

In Zt = Zt. (13)

For p, € (0,1) the process In Z; is stationary, as in SW. For p, = 1 it follows a random
walk. This specification accomodates both. Note that we can rewrite the production

function as:

Yi(i) = max{ K, (i)® (Ly(1)Z)™ — @e~ a7 2,0 125 10811 g1, (1.4)

Cost minimization subject to 1.4 yields the conditions:

(OLi(1))  Vi(i)(1 — ) Z} Ky (i) Ly (i)~ = W,
(0K (1)) Vi(i)aZ K (i)* ' Li(i)' ™ = R}

where V(i) is the Lagrange multiplier associated with 1.1.8. In turn, these conditions
imply:

Kt(l) o « %

Li(i) 1—aRF




Note that if we integrate both sides of the equation wrt di and define K; = / K (i)di

and L; = / Ly(i)di we obtain a relationship between aggregate labor and capital:

o Wt
Ki=—-— 1.5
T 1o R} ¢ (1.5)
Total variable cost is given by
K (i
Variable Costs = (W; 4+ RF Lt(z))Lt(i)
t

(1)
B B0 o e (Ka(D)) T
- (Wt + Rt Lt(i) )}/t( )Zt (Lt(i) )

where Y;(i) = Z}7*K;(i)*L:(i)' ™% is the “variable” part of output. The marginal cost

MC} is the same for all firms and equal to:

R K (i) |, —(1-a) [(Ki(i) -
MG =Wt Bip )2 (Lt(i)>

a~%(1 — )~y l-apk ay-(1-a)

(1.6)

[TO DO WITH KIMBALL] Prices are sticky as in Calvo (1983). Specifically, each
firm can readjust prices with probability 1 — ¢, in each period. We depart rfom Calvo
(1983) in assuming that for those firms that cannot adjust prices, P;(i) will increase at
the geometric weighted average (with weigths 1 — ¢, and ¢, respectively) of the steady
state rate of inflation 7, and of last period’s inflation 7;_;. For those firms that can
adjust prices, the problem is to choose a price level ]E’t(z) that maximizes the expected
present discounted value of profits in all states of nature where the firm is stuck with
that price in the future:

max =P (Pt(i) - MC’t) Yy(i)
Py (4)

+ Et ZCP S:i)—i-s ( ) (Hleﬂéil_lﬂ'iiw> - MCt+s> Y;g_;,_s(i)

=~ . 1—1p Ry
Py(i) <Hz VT T > ’
Pt+s

s.t. Yt+s (Z) =

where °E7 , is today’s value of a future dollar for the consumers (27, is the Lagrange

multiplier associated with the consumer’s nominal budget constraint - remember there



are complete markets so 3°ZL '+ is the same for all consumers). The FOC for the firm is:

1+>\th

P.(i Aft 1 .
zf( ;ﬁ”) S (Bli) — (4 Ap)MC) Yili)
t ftdt
1+’\f,t+s
D s 1- Lp) T A ftts ( s 1- Lp) 1.8
£ i(s sz P()<Hl 17rt+l 17 I 17Tt+l 17 (1.8)
! P s Pt+s

(Pt(i) (Hl T

>\f,t+sPt+s
) 1+ Af,Hs)McHs) Yiis(i) = 0

Note that all firms readjusting prices face an indentical problem. We will consider only
the symmetric equilibrium in which all firms that can readjust prices will choose the

same P, (i), so we can drop the i index from now on. From 1.1.6 it follows that:

1

Bo=[(1- )P, 7 4 Gnr ™" By) M, (1.9)

1.1.2 Households

Household j’s utility is (as opposed to 1.1.16):

EtZBS[

where Cy(j) is consumption, L:(j) is labor supply. Three observations are in order

) =)o (2] (20

regarding this utility function. First, utility is increasing in consumption and leisure
regardless of the value of o.. Second, there are no “discount rate” or “leisure” shocks in

the utility function. Third, SW have external (as opposed to internal) habit.

The household’s budget constraint, written in real terms, is given by:

Bis(7)  _ Birs—10)

Cirys(d) + Livs(5) +

bt+th+sPt+s - Pt+s
Wt+s Rf—l—s -\ T -
+ Liys(j) + irs (1) Kips—1(7) = a(urs(G)T Kips—1(G) | + Mips — Tivs,
Pt+s Pt+s

(1.11)
where I;(j) is investment, By(j) is holdings of government bonds, R; is the gross nominal
interest rate paid on government bonds, II; is the per-capita profit the household gets

from owning firms (assume household pool their firm shares, T;4 is lump-sum taxes, so



that they all receive the same profit) W/ (j) is the wage earned by household j. by is
a “risk premium shock”. The term within parenthesis represents the return to owning
K (j) units of capital. Households choose the utilization rate of their own capital, u(5),

and end up renting to firms in period ¢ an amount of “effective” capital equal to:

Ki(j) = u () Ki1(h), (112)

and getting Rfut(j)f(t,l(j) in return. They however have to pay a cost of utilization
in terms of the consumption good which is equal to a(us(j)) Y "K;_1(j). Households
accumulate capital according to the equation:

1;(j)
Ii—1(4)

Ro(j) = (1 - K1 () + T <1 s )) 1.0), (1.13)

where § is the rate of depreciation, and S(-) is the cost of adjusting investment, with
S'(-) > 0,S8”(-) > 0. The term i is a stochastic disturbance to the price of investment

relative to consumption

Households are all identical, so the j subscript is pretty redundant except for the

fact that we have external habits. We will drop the j subsequently.

The FOCs for consumption, bonds, and labor are:

. —0 c 1 1% —
(DC,()  (Ch = hChr) ™" exp (i e z) =, (1.14)
(0B:(4))  Ei= BRtbtJEt[;:i] (1.15)
. s o.—1 u u _ Wk
(OLi(j))  (Cy—hCy1)' 7 exp <1+th1+ l> L = :t?i. (1.16)

Note that households take Wth as given and maximize with respect to L;. The wage

stickiness part will be discussed below. Using 1.14 we can rewrite 1.16 as:

W
(Cy —hCy_1) LY = —L. (1.17)
P
Let us now address the capital accumulation/utilization problem. Call ZF the La-

grange multiplier associated with constraint 1.13. The FOC with respect to investment,



capital, and capital utilization are:

s L I
oI =kt (1—St—S’tt)
1) p\ G TS
- I I -
+ BBEEA T e S () (1)) = & (1.18)
o\ ok I “(t41)y |, =k
(0K:) Ef = 5Et[:t+1(Pt+1 upr1 — a(ugsr)T )+ Ef(1—9)] (1.19)
Rk‘
(Ouy) T—L = o (uy) (1.20)
Py

The first FOC is the law of motion for the shadow value of capital. Note that if adjust-
ment cost were absent, the FOC would simply say that Ethut is equal to the marginal
utility of consumption. In other words, in absence of adjustment costs the shadow cost
of taking resources away from consumption equals the shadow benefit (abstracting from

Y'us) of putting these resources into investment: Tobin’s Q is equal to one. The second

FOC says that if I buy a unit of capital today I have to pay its price in real terms, E,’f,

but tomorrow I will get the proceeds from renting capital, plus I can sell back the capital
=k

that has not depreciated. Define Qf = =t Qf has the interpretation of the value of
=t

installed capital relative to consumption goods (i.e., Tobin’s Q). Then condition 1.19 can

be rewritten as:

Z \ P

= RF
Q; = BE; [ ian ( gy — a(u) YD 4 QF (1 - 5))] : (1.21)

1.1.3 Government Policies

The central bank follows a nominal interest rate rule by adjusting its instrument in

response to deviations of inflation and output from their respective target levels:

P 1PR b3
BBy <>” Y N YL\ e )
R* R* Ty }/tf Y1 Y;f '

where the parameter pr determines the degree of interest rate smoothing, R* is the

steady state nominal rate and th is output under flexible/prices and wages. Note that
policy reacts to both level differences between Y; and Y;f (¥2(1 — pRr) coefficient) as well

as growth differences (o coefficient). Note also that the exogenours part of monetary



policy is captured by the process 77", which follows an autoregressive process. The cen-
tral bank supplies the money demanded by the household to support the desired nominal

interest rate.

The government budget constraint is of the form

B
P,Gy+ B,y = PT, + (1.23)
bR,

where T; are nominal lump-sum taxes (or subsidies) that also appear in household’s bud-
get constraint. SW, who assume technology is stationary, express government spending

relative to the deterministic trend in output:
Gt = gty*ezrt (124)

where y, is the steady state of detrended output. Since we detrend everything (see

below) by Z;, we need to be careful. Define

Gt . -1 3
g = - = gie 1o (1.25)
YsZy
. : : Yy
At steady state g« = g«. Note the difference with DSSW, where g, = a and
— Gy

Y
Cx + s

g = > 1. In SW ¢, € (0,1).

1.1.4 Resource constraints
To obtain the market clearing condition for the final goods market first integrate the HH
budge constraint across households, and combine it with the gvmt budget constraint:
P.Cy+ P I + PGy < 411 + /Wt ) L¢(5)dj
+Rt/Kt d]—Ptaut /Ktl

Next, realize that

m—/ﬁ@m——/mmWWM—m@—ﬂm,

where L; = / L(i)di is total labor supplied by the labor packers (and demanded by

the firms), and K; = /K(i)tdi = /Kt(j)dj. Now replace the defintion of II; into the

7



HH budget constraint, realize that by the labor and goods’ packers’ zero profit condition
WiLy = /Wt(j)Lt(j)dj, and PY; = /P(i)tY(i)tdi and obtain:

Ci+ I+ a(u) Y 'Ki_1 + Gy = Y, (1.26)
where Y; is defined by (1.1.1). The relationship between output and the aggregate
inputs, labor anc capital, is:

Vi = [z L) i - 2z
=zl /(K/L)O‘L(z‘)dz‘ AL (1.27)
= ZTOK{LITY — 770,
where I used the fact that the capital laborfrat(io) is constant across firms (also, since
K(i)di

K(i) = (K/L)L() it must be the case that W = K;/Ly = (K/L)). The problem

with these resource constraints is that what we observe in the data is Y; = / Y;(7)di and

Ly = /Lt(j)dj, as opposed to Y; and L;. But note that from 1.1.5:

1+Af,t 1+/\f,t
. A X
— fit ; fit ;
Y, =YP, P(i), di
1+/\f,t _ 1+>‘f,t

A . A
— It fit
=Y P, P, )

Afit

. g, _1+Af¢
where P; = /Pt(z') At di , and

Ly Z/Lt(j)dj

T+ Ay 1 1+ Ayt

. Aw,t N Aw,t .

= LW, W(j), di
T+ Ayt At

_ >‘w,t T Aﬂu),t
= LW, W, )

Aw,t

. Ay —m
where W, = (/ w(j), dj) :

1.1.5 Exogenous Processes

When technology is stationary or has a unit root, its process is given by 1.3, which we
report here:

Zt = pzzt—1+ 0zE%,t-



We now discuss the process for g;. SW assume a stationary process for g, = log(&),

[
which is correlated with shocks in technology:

§t = pgét—l + 0g¢€gt + Ng202Ex ¢ (1'28)

If technology is not stationary, this process does not make sense since ﬁt is non stationary.

%)

Hence we replace it by the assumption that g, = log( is stationary

*

Gt = PgQit—1 + 0g€gt + Ng202624. (1.29)

We express all remaining processes in log deviations from their steady state value,

which is assumed to be 1:

I;t = pr;t—l + Ovep ts (1.30)
ft = puft—1 + Oppts (1.31)
’f‘tm = prmf'ﬁl + OrErm ¢, (132)

The mark-up shocks follow ARMA(1,1) processes:

Ape = PASAFE-1 F TN EX; = TIA; TN ENS t—15 (1.33)

Aw7t = pAw Awatfl + O-)\w5>\w7t - ’,7)\wo->\w€>\w,t—17 (]‘34)



1.2 Detrending

SW detrend the variables by the deterministic trend € (or by 05108 1) if there is

a trend in the relative price of capital). We detrend by
Z¢ = z,e0 a8 Dt v 5 . (1.35)

Define z; = log(Z;/Z;_;). Denote with , the steady state values of the variables, and

realize that at st.st. zf =y + 1 fa log Y. From 1.2 and 1.3 we see that
. 1 -
2 =2 — 2 = . a(pz — 1)z + T o0zt (1.36)
and
El5tl = 74— (o~ 2 (1.37)
Note that for p, = 1 Z has no impact on Z;.
Specifically:

& =52, & =Z{ 2,70, qf = QP
Note that this implies that some of the equilibrium conditions will look different from
SW.
Intermediate goods producers
We start by expressing 1.6 in terms of detrended variables:

MG
-5

mey = a (1 — o) =yl o (1.39)

Hence
me, = a1 —a)"yl-apk o (1.40)

10



Expression 1.8 becomes:

(I+X¢ ) 1
gt - Afit - ~ 1 \ .
byt (e — (L + Age)mer) yo (i)
’ o0 é_ - (1+/\>\f77f+q>_1 (1+>‘f,t+s)
Dt fitts L 1—tp\  XNfias
+Et ngs t+s ( ( s: P T p) fitt+s (1'41)
; PU Aps \II g mr
s 7TLp ﬂ_l_Lp
~ =1 [—17%* .
(Pt HSH — (L + Appps)mers | yers(i) =0
1=1Tt+1

this implies that:
Pe = (1+Ap)a"%(1 — o)~ A-ylapk o (1.42)

Expression 77 becomes:

1

— __1
1=[(1=G)p, 5" + G(ryme Py ) Md e, (1.43)

which means that:

Dy = 1. (1.44)
Recall that aggregate profits are equal to:
Il; = PY; — WiL; — RFK;.

In terms of detrended variables we then have :

Ht k
Tty —w Ly — Rk
Bz} Yt — Wl — Ty Ry
:ktaLtl_a—(I)—tht—la tht
ke @ 1
= (ft —1_awt>Lt—(I>
Q _ 1
= (1_a)awta7’f a—l_awt>Lt—q)

At steady state we can use 1.42 to get that st. st. profits are:

11, Af
= <Ly — D, 1.4

BZ; 1-a" (1.45)

stk s skok sk sk ok ok ok sk ok sk sk sk sk sk ok sk sk ok sk ok

Equation 1.5 becomes:
o Wt

ky = — L. 1.46
t 1— o Tf ( )

11



and at st.st.:

Households

Expressions 1.14, 1.15, and 1.17 become:

«\ —Oc - 1
& = (Ct — hct—1e’zt> exp (%Lim) ,

14+ y
&t = 5Rttht[§t+1€_Uczg+l7rt_+11]a

(ct — hct_lefzf> LY = wh,
respectively. At steady state:

_ R Oc — 1
& =10¢.7°(1 —he * ) %cexp <1C+ ” L}f”l) ,
R.b, = B e,

Cx (1 — he*Z:) L = wh.

Equation 1.12 and 1.13 become:

— — kT
ki = w Y 16 2t ktfl,

k= (1= e k1 + <1 - S(.ZteZ:)> it

1t—1
which deliver the steady state relationships:
k., = e_WTfﬁl_c*,
i = ! (1 (1 5)e—ﬂrﬁ> k..

under the assumption that S(e?TToa) = 0.

Equation 1.18, 1.21, and 1.20 become:

£y (1 —S(e) — S () )

11 (] (]

+ BEt[efaczzzqfﬁrlﬂt_"_ls’(zi;jezﬂl)(Ztiilezﬂly] =&
t t

g = BIE, [T_le_gczr“ 52:1 (Tfﬂqu — a(ugr) + iy (1 — 5))}

rf =a'(uy).

12

(1.47)

(1.48)
(1.49)

(1.50)

(1.51)
(1.52)

(1.53)

(1.54)

(1.55)

(1.56)

(1.57)

(1.58)

(1.59)

(1.60)



Under the assumptions that S'(ewf&) =0, ux = 1 and a(u,) = 0, the above equations

at steady state imply

& =& (1.61)
= p7te% Y — (1) (1.62)
R =/ (uy). (1.63)

where 1.61 implies ¢* = 1 (note the a(.) function can be normalized so to make a’(1) be

whatever the steady state r¥ is).

Expressed in terms of detrended variables, equation 1.1.37 becomes:

o .
. < b L i
E; Z(Cwﬁ)slf(])t—i-sft—&-s — X swywy + (14 Ay) t+8%+g el 0, (1.64)
s=0 t+s
where
) 1 ifs=0
Xis = Hlsﬂ(ﬂ*@wrﬁ)lﬂw (Mg €iri-1)"
— - otherwise
Hlszlﬂ-t_‘_lezt"’l
and
14w
. - 15 o
Lits(j) = (wtwtwt—&sxtﬁ) Lits.
Equation 1.1.38 becomes:
~ﬁ YT\ 1—0 25 e WE—1 1 e g
1= [(1 = Gu)w;™ + Cu((mee? TT=a )70 (g 1) w e t)rw ]t (1.65)
which imply at steady state:
LY
w, = (1+Aw)¢§*, (1.66)
Wy = 1. (1.67)
Resource constraints
If the technology process is stationary, the resource constraint become:
L" . PV
ysgre ot oy +ip + a(ug)e ki1 = yy, (1.68)
otherwise it becomes:
Yugs + it + iy + alug)e ki = yp. (1.69)

13



Detrended output is also given as a function of inputs by:

= kO —TaE
do = KOLI — BT,

) T+Ag
B\ M
Yi=|—= Y,
t (Pt t
becomes
1+)‘f,t
ye = (pe) Mt e
where )
. B
bt = P; N . = .
P 2t Py - Lt Aft
=[(1=G)(R) M+ Gmmp) e ] T
gy nw A
JURDY . L= it _ A
= [(1 —Cp)pt It +Cp(7'r*pt_17'rt 1) Af,t ] THXf
‘While
LAt
Wt ’\w,t .
Li=1|— L
becomes
At
Lt e (wt) >‘w,t Lt
where
. W,
Wy = —
t Wt T 14X A
W, T4+Aqy ¢ o Wiy At Awt
=[(1 = Cu)(57)  Pwt —i—(w(meVTl—aiW ) Pwe | TP
I, ‘ 14+
~ T Xw.t 1 —z*wt—l R w,t .
= [(1 - Cw)wt + Cw(ﬂ*e’y’rliaﬂ_ t wt—l) w,t ] w,t

and

and

14

(1.70)

(1.71)

(1.72)

(1.73)

(1.74)

(1.75)

(1.76)



1.3 Steady State

For now treat L™ as a parameter (we will see that the real variables are all defined as a
ratio to Ly, so L, is just a normalization constant). Define the real rate

R,

’r‘* = ) (177)
Tk
then from 1.52 we have:
re = B leoe L. (1.78)
From 1.62:
R = b, T — (1 —6) = LT — (1-9). (1.79)
From 1.42: )
1 B  \ 1=
Wy = <1 iy a®(1 — o)1)k a> (1.80)
From 1.47
a Wy
ks = —L,. 1.81
1—ark ( )
From 1.56 and 1.57:
k, = 'Y ok, (1.82)
i = (1 (- 5)e—WT‘ﬁ) .. (1.83)
From 1.76:
Yo = kOLI7 — . (1.84)
o Ys + @ . .
SW use the reparameterization ®, = , implying that steady state output is given
Yx
by:
kaLl—a
§ = —— 1.85
y 3, (1.85)
From 1.75:
cx = (1 — gu)ys — ix, (1.86)

(as opposed to ¢, = Y« i in DSSW). (Aside: note that 1.53 implies
s

ce(1 — heiZ:)L:l = W,.

Since we already have ¢, and w, it would seem L, is given. In fact, this is because SW

do not use the parameter ¢, which would make 1.53 hold for any L..)

15



1.4 Log-linear

1. If technology is stationary, eq. 1.68 becomes:

. 2 1 e, ien TRE,
Gt =gt — Bt b+ — i+ ——dy, (1.87)
l-«a Y Yx Yx
If technology has a unit root, eq. 1.69 becomes:
: k
. R Cx .. Tun  Tiks .
Gt = G+ —& + — 1y + =1y, (1.88)
* * *

This is one of the two equilibrium conditions for which we need to write two
different versions for the stationary and non-stationary case (the other being the

production function). The difference with DSSW (eq. 1.2.77) are due to a different

G
definition of the government spending process which in SW is given by ¢; = Zt*’
YLy
with =1- in our case = ——— and = . Note that in
9 y* ( gt Y% - Gt G Cy + 7/*)

SW g, € (0,1). This is eq. (1) in SW using the reparameterizations

ey =2, iy = Gl Zy = rk@
AR e
2. Eq. 1.49 becomes:
& = R+ b+ Byléia] — Bl — 0o B[54, (1.89)

and eq. 1.48 becomes:
ét = —Uc(l — he_zz)_l (ét - he_z:ét_l + he_Z:Zt> -+ (O'C — I)Li‘f"/lﬁt’

which becomes using 1.53:

1 — —Z: ~ * * c — 1 *L*
7( he )ft = - <ét — he ™ étfl + he % Zt) + 7(0- ) v

Oc Cx

L. (1.90)

Oc

Putting 1.89 and 1.90 two together we obtain:

*

. (1-— he_Z:) . ) ~ he ) -
= (R, —F b — (641 —
Ct O'c(l T he‘zz) ( t t[ﬂt+1] + t) + (1 n he_zi) (Ct 1 zt)
1 (0c—1)  wily .
—JF, |¢ 5x L, — IF[L . (191
+ (14 he3%) t [CHI + zt+1] + oc(1+ he %) e ( t tl H_l]) ( )

This corresponds to eq. (2) in SW, and to the combination of eqs 1.2.68 and 1.2.66

in DSSW. In the code we follow SW’s code and use the normalization:

(1—he =) .
R 1.92
be ac(l—i-he—zi)bt (1.92)

133

16



3. Eq. 1.58 becomes:

2 1 n . .

‘e S"e% (1 + 56(1*%)21)% + | + Bell—00)e (thl — zt)
Be(l_ac)zz

1+ gell-oa)=t

I, [gtJrl + 5&1} + fur,  (1.93)

where we follows SW and renormalize the process fi¢ by dividing it for S”e?* (1+
Be(l_"c)z:). This is eq. (3) in SW, and corresponds to eq. 1.2.71 in DSSW (which
was expressed in terms of éf) The equation can be expressed, perhaps more

intuitively, in terms of (jf:
it = " (14 pelt=r) iy - 1+ 66%1—%)2?: (i1 -2)
Be(l—ac)Zi

" 15 gemon B i+ 2| = i), (1:99)

4. Eq. 1.59 becomes
.

1-6
Et[rf-i-l]"i' k

_ - B¢ -d" =R, +b — E,7 1.95
rk+(1-6) L (1—=9) tlgra) — i t + 0t 7] ( )

where we used 1.89. This is eq. (4) in SW (using the value of 7 one can see they
correspond) and is the same as eq. 1.2.72 in DSSW, except that this was expressed

in terms of ff . In the code we use the normalization 1.92, consistently with 1.91.

5. Eq. 1.2.78 becomes:

) . . 1
g o= o, (akt (- a)Lt> + (@ - D72 (1.96)

This is eq. (5) in SW. Note that the last term in 1.96 is non-stationary if p, = 1,
so it needs to be dropped in that case (which amounts to assuming the fixed costs

are proportional to Z; as opposed to just )

6. Eq. 1.2.69 remains the same:
oo =ty — 2 + kg (1.97)

This is eq. (6) in SW.
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. Equations 1.98 becomes:

Ty = Uy. (1.98)

r
where is simply a reparameterization of the ratio — that appears in 1.2.73.
a

1
This is eq. (7) in SW with z; = d}w, and eq. 1.2.73 in DSSW.
. Eq. 1.55 becomes:

~ Ty a - Ty A Ty 1 ¥ —0)z5N A
Reo= (1-3) (kzt_l—zt> o+ SR Bel=o)%) 5, (1.99)

* *

This is eq. (8) in SW, and corresponds to eq. 1.2.70 in DSSW, except for the
renormalization of the exogenous process p;. Note that in SW’s code the term

(14 Bell=9¢)%) is erroneously omitted from the coefficient multiplying fi.
. Eq. 1.2.61 remains the same as in DSSW:
me; = (1—a) Wy 4 o 7. (1.100)

This is eq. (9) in SW, where i} = —rc; and where they used (1.103) to substitute

for ff. That is actually what we also do in the code, obtaining:
mey = by 4+ aly — aky. (1.101)

. Eq. (TO DO) becomes:

N (1— Cpﬁe(l_gc)zi)(l —(p) .
e (1+ Lpﬁe(lfgc)zi)Cp((q)p —Dep + 1)m6t

*

ﬂe(lfoc)z*

1+ Lpﬁe(l—ac)ZI Et[ﬂ't+1] + )\f,t (1102)

Lp "
1—0.)2* Tt—1
1 + Lpﬁe( C) *

This is eq. (10) in SW.
. Eq. 1.2.65 remains the same:
ky = oy —F + Ly (1.103)

This is eq. (11) in SW.

18



12.

13.

14.

Eq. 1.50, which essentially defines the household’s marginal rate of subsitution

between consumption and labor,

1

1}],7_75* <ét — he_zi ét_l + he_Z: fg’:) + VlIA/t = ’lf)th (1104)
— he *

This corresponds to eq. (12) in SW, except that they express it in terms of the
markup /i’ = by — @, which is what we also do in our code. DSSW did not have

this equation as we plugged it the wage Phillips curve directly.

Eq. (TO DO) becomes:

A (1— Cwﬁe(l_ac)z:)(l — Cw) N I
wy = (1 + ﬁe(l—ac)z:)cw(()\w _ 1)€w T 1) (’wt wt)
_ 1+ Lwﬁe(liac)zr

11 pelionz "t

1 + Be(lfUC)Zi (’U}tfl - 22( + Lw’ﬁ-tfl)

/Be(l_o-c)zi

T T gatem B [+ 2 Fen] + Awe (1105)

This is eq. (13) in SW. In the code we follow SW and replace W — ; with — .
Eq. 1.2.79 becomes:
Ry = prRi1+ (1-pp) <¢lﬁ't + 2 (9 — ??tf))
+ s (5= 30) = Ger = 5L0)) + 7" (1.100)

where the differences are (1) the use of flexible price/wage output to measure the
output gap, (2) the addition of the term 3 ((?Qt — g)f) — (Gg—1 — Qf_1)>; (3) the

fact that the residual 7" is autocorrelated.
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15. Additional flexible price/wages equations, where we replace the real rate 'rt for

Ry — IEy[f141] -
- f o+ Sl 4 reks « o f
g = g+ S i g (1.107)
o (I—he®) (#f + ) _ he= (s - %) 1 p s
G = oo(1 + he %) Ty +0r) + (1 + he—=) Ciog— 2 )+ 0+ he =) t[¢ o + 2841
(0c—1) wiL, ( ¥
i L - BL ) 1.108
ac(l 4 he—z*) Cy t[ t+1] ( )
* * A ]. ~
~kf — SIIGQZ* 1+ e(l*dc)z* (Zf o (Zf _2*)
a ( p )i 14 Be(l—ac)z: t=1 t
/86(170.6)2':: /:f o R
"1t Bello0) E; [Zt+1 + Zt—&-l} - Mt)» (1.109)
) T h '
o= (a’%er(l—a)ﬁf) +(Pp — 1) 2 (1.111)
o= al -5+ kL (1.112)
1 _
ul = w?"ff, (1.113)
(0
2 " o2zF —oc)zk
W= (- 17*) (kf 1 ) + E* 4 228" 2 (1 4 Bl ) oy (1.114)
0 = (1—a) o +ak (1.115)
o= of - 4 L (1.116)
) 1 . e
U)tf = m (Ct — he *th—l + he™ *Z ) + VlLf. (]_1]_7)

16. The exogenous processes are described in section 1.1.5.

1.5 Adding BGG financial frictions to SW

Amounts to replacing 1.95 with conditions 2.50 and 2.52 (see section 2), which we repeat

here for convenience:

~k . . ~
By [Rt+1 - Rt] = bt + Cspp (@f + ke — ﬁt) + Gt + fif (1.118)
2 i (1-9)
R, —m = * PP i —gr 1.119
L e S S I S (1.119)
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and adding the eq. condition 2.51 describing the evolution of entrepreneurial net worth

=~k ~ =
e = G, pk <Rt - 7Tt> —Cn,R (Rtfl + b1 — 7Tt) + CngK (Qf_l + k‘pl)

U)e Vx Ak Cn,ﬂe ~e _ Cn70'w jod
n

(1.120)

A ~ * ~e
+Cn,nnt—1 + v+ Wy — Yx— 2 — t—1 Ow,t—1
* s C5p7l’[’e

Csp,o
Note that if (5, = 0 and the financial friction shocks are zero, 1.95 coincides with
1.118 plus 1.119. In particular, we stick to SW’s assumption that returns to deposit
are not subject to the same “intermediation cost” shock b; as government bonds. This

assumption mirrors SW’s assumption that capital investment was not subject to that

transaction cost.

1.6 Anticipated policy shocks

We modify the policy rule (1.106) so to incorporate anticipated policy shocks. In order
to do so we add the anticipated shocks to the exogenous component of monetary policy

as follows:
K

f"trn = I()Tmf'?ll + OrEpm ¢ + Zo‘k,régﬁtik, (1121)
k=1

where er; is the usual contemporaneous policy shock and sﬁt_k is a policy shock that
is known to agents at time ¢t — k, but affects the policy rule k periods later, that is, at

time t. We assume as usual that €ﬁt7k} ~ N(0,1), i.i.d..

In order to solve the model we need to express the anticipated shocks in recur-

sive form. For this purpose, we augment the state vector s; with K additional states

vl vl . whose law of motion is as follows:
R R R
Vg = Vo1 TO1rE1;
R R R
Vog = V341 T 02,894
R R
VKt — OKrégKg

and rewrite expression (1.122) as

P = ppm P+ Operm g + 0Ty, (1.122)
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K
It is easy to verify that Vft,1 = ZakyTEﬁt—k7 that is, Vft,I is a “bin” that collects

k=1
all anticipated shocks that affect the policy rule in period ¢. In the implementation,
we assume that these shocks have the same standard deviation as the contemporaneous

shock: o, = o,.

1.7 Adding long run changes in productivity

We add long run changes in productivity. Specifically we assume that the production

function is:

Yi(i) = max{e® K, (i)* (Ly(i)e"* 2F) ™" — &7, 0}, (1.123)

where Z; and 2 = log(Z}/ZF ) follow AR(1) processes:

Zy = ngt—l + O€xty €2t ™~ N(O, 1), (1124)
Zf = prZf_l + Ozp€xpty €xpt N(O, 1), (1125)
and
7; = Z, 7P Ot s loe )t g o (1.126)
We detrend by Z; as in section 1.2. Define z; = log(Z; /Z; ;) with 2z} = v+ 1 < log Y.
-«
From 1.124, 1.125 and 1.126 we see that
% * * 1 ~ 1 D
2 =2 — 2l = ﬁ(pz — 1)z + T g0zt + 2, (1.127)
and
. 1 -
Et[2:+1] = ﬁ(pz — 1)Zt + prZf. (1128)

Note that we can accommodate both cases where Z; is stationary and random walk

(p» = 1). Regardless, there is a stochastic trend in growth. Therefore in equations 1.87

1
and 1.96 the term 1 Z¢ needs to be dropped.

—
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1.8 Measurement equation for TFP (version 1)

Assume T = 1. Total factor productivity takes the following form in our model, when

abstracting from the fixed costs:
TFP, = (Z)'7* = get-ant (zpyl=
TFP including variable capital utilization, i.e., unadjusted TFP, is given by
TFP! = (Z)' "™ ud.

Taking log on both sides and dividing by 1 — «, we obtain

log TFPY = log ZF + ——— log uy
-« l1-«
and taking differences
log (TFP!/TFP")) = =z + % (log uy — logug—1)
-« -«
* 2%k o ~ ~
= z,+2 +1_ (G — Ug—1)

Fernald provides data on total factor productivity growth. We use the utilization
unadjusted series and divide it by his estimates of 1 — «a to obtain a series of productiv-
ity expressed in labor-augmenting form. The resulting series should correspond in our
model to the expression on the right hand side. We demean Fernald’s series and add

measurement error so that we obtain the measurement equation

TFP growth (unadjusted for utilization, demeaned, expressed in labor augmenting terms)

= 4 (il — Gy_y) + €/P.

l-a
1.9 Measurement equation for TFP (version 2)

We have the linearized production function

:l)t = q)p <Oéi€t + (1 — 04) I:t)
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1

where §, = log (Vi/Z]) — logys, Zf = ema 02Xz L, = log(Ly/L.), and
the effective capital ky = log (T*th/Zt*) — log k, relates to installed capital Et_l =
log (T_(t_l)K’t_l/Zf_1> — log <€7Tﬁk*) as follows

ke =ty — 25 + ke a

«

where @; = log us—logu, = logug, and 2} = log (Z; /Z/_,)—z}, and 2 = v+ log Y.

l—«

We can rewrite this as

log (Y;/Z]) —logy. = p<Oé (ﬁt—f*—l-/]_;t—l) +(1-a) I:t)

)
= 9, (a (&t — 2" +log (T_(t_l)f(t_l/Zf_O — log (eVTﬁkQ) + (1 —a)(logL; —

Taking first differences

logV; —logY;—1 = logZ; —log Z{ | + ®pa (U — tig—1 — 2* + 2{_ + log Ky—1 — log Ky — log Z;_| + log
+@,a (log T _og Tf(t”)) + @, (1 —a)(logL; —log Li—1)

= 25+ 2+ Qpa(fy — Gy — 25— 2F) + Ppalog (Ki—1/Ki—o) + Ppalog (Y1) + @, (1
or

log (Y;/Y;1) = ®palog (Ki—1/Ki—2) + @palog (Y1) + @, (1 — ) log (Le/Li—1)
(1 - ®pa)

P,
+P, (1 — « — P — P (G — Oy .
(1= | (Gt (2 2+ gty (= )
Fernald provides data on total factor productivity growth. We use the utilization
unadjusted series and divide it by his estimates of 1 — « to obtain a series of productivity
expressed in labor-augmenting form. The resulting series should correspond in our model
to the last term in square brackets. We demean Fernald’s series and add measurement

error so that we obtain the measurement equation

TFP growth (unadjusted for utilization, demeaned, expressed in labor augmenting terms)
(1—-2,0) a

_ L% N tfp
@p(l—a)z +1—a(ut ) e

Note that if ®,, = 1, this reduces to

TFP growth (unadjusted for utilization, demeaned, expressed in labor augmenting terms)

«

A tfp
1—a(ut Up—1) + €.

= 34
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1.10 Computing the Initial Level of Stationary Productivity/BN de-

composition

Imagine there are no long run changes in productivity and p, < 1, so that Z; and therefore

1
log(Z;) = % are stationary (with zero mean), and Z; = Z;e?" is trend-stationary.
-«
Then we know that Flog(Zs) — 0. We can use this fact to pin down the initial level of
log(Zo).

Define (as we did in the previous section) Z; = log(Z;) — log(Z;—1) as the demeaned

growth rate of productivity. Then

o
Er [l0g(Zeo) —log(Zr)] = Br | 2ry;
or

Br llog(Z1)] = —Er | S 214, (1.129)
j=1
o0
after imposing Erlog(Zo) = 0. The term Ep ZéTﬂ- can be computed using our
j=1
state space model. Define the transition equation as

= (I)St_l + R&t,
where s; is the state vector and ¥, is a row vector of zeros with 1 corresponding to the

position of the state Z; (that is, ¥, ‘picks’ the state Z;). Then

[e.e]

oo o0
Er Z Zryj| = Er Z V.srij| = Er Z U, 57
j=1 j=1 j=1

o0
=U.® (> & | Brlsy] = 0. @ (I - @) ' spp. (1.130)
§=0

We have also computed (“blue” line in the plots)

Er [log(Zr) — log(Zo)]

T T
e[y = Y
t=1 t=1
Putting this together with conditions 1.130 and 1.129 we obtain:

Er [log(Zo)] = —¥.® (I — @) sy — ZzﬂT
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1.11 Adding income as an observable

We add Gross Domestic Income (GDI) as an additional observable in the model. We

assume that model output loads on both observed GDP and GDI growth rates as follows:
AGDP; = (§; — o1 + %) 4 €/ — &9 4 100(exp(z}) — 1) (1.131)

AGDI; = Tyai (Gt — i1 + 2) + 94 — 9% +100(exp(z)) — 1) + gas (1.132)

We set d4¢; = 0 and I'yg; = 1. We also introduce correlated measurement error in levels

between GDP and GDI:

gdp  _ gdp gdp _gdp _ -

e/ = pgdp- €]l + 0gapel s € ~i.i.d.N(0,1)

gdi gdi gdp gdi  gdi . .

e; = Pgdi- €l—1 + 0gdp - Ogap€i = + 0gai€], € ~i.i.d.N(0,1).

We also try including the model output level to the “measurement error”. That is,
the observed output may be further from the true output during periods of larger output

growth /contraction. We augment equations 1.131 and 1.132 as follows:

GDP, = (yi—wy_1+2)+ (eI — I
t (yt Yt—1 t) (t t 1) (1'133)
+)\gdp(yt - yt—l) + 100(633p(22k) - 1)
GDI, = Touilyr — yeo1 + 2) + (99 — eI
t gdz(yt Yt—1 t) (t tfl) (1.134)

+Agai (Yt — ye—1) + 100(exp(z;) — 1) + dgai
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1.12 Alternative Scenarios

Here we discuss how we implement alternative scenarios. Write the state space system

as:

St = T(Q)St_l + R(9>6t (11)

where s; is the model’s vector of “state” variables, the matrices 7 and R are functions
of the vector of all model parameters 0, and ¢; is the vector of structural shocks. The
vector of observables y; described below is in turn related to the states according to the

system of measurement equations:

Starting from s, roll the system forward to obtain:

YT+1 = D+ ZTST + ZR€T+1
yria = D+ ZT%s7 + ZTRery1 + ZRerya
(1.3)
H-1

yroig = D+ Z2THsr + 3 ZTRer ;.
j

I
=)

Algorithm 1 Drawing Counterfactual (Alt Scenarios) Forecasts .'

1. Choose a set of targets (all expressed in deviations from steady state/baseline fore-
casts) Ay = [Aypyq, ... Ayp, gl and shocks € = [epy1, ..., €py ), where Ay and €

must be of the same size k. The two are linked by the system of equations:

Ayryy = Zr41,Rorpers
Ayryo = Zrio, TR rr1€r41 + Zry2. R ri2eris
(1.4)
H-1
Ayrig = ZZT+H,.T]R.,T+H—j€T+H—j'
§=0

! Here we focus on the mode of the posterior density for 8. If we want the whole distribution we just

repeat the algorithm for each draw of 6.
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where Z74;. and R r4; refer to the rows of the matriz Z and the columns of

the matriz R corresponding to the targets (Ayr, ;) and the instruments (ép;) in

period T'+ j. This linear system of k equations with k unknowns can be solved for

the vector of shocks €. Specifically, rewrite the system (1.4) as

Ay = Me
where
Zri1, R.r+1 0 . 0
A Zr42, TR 141 Zryo, R 142 .. 0
Zreg, T "Ry Zrog TV PRorve o0 Zron Ropyn,

and the solution is ¢ = M~ Ay.

2. Compute the alternative scenario for the entire set of observables y using

Ayry1 = ZR. r41€r41
Ayrio = ZTR 1416141 + 2742, R 1426742
H-1
o j o
Ayrig = ZT R.,T—l—H—jeT—i—H—j'
j=0

These are the same equations as in (1.4), except that Z replaces Zr.y ;.. .

1.12.1 No effect of initial state

(1.5)

The initial state of the forecast and of the shock decomposition has no effect on the

forecast under scenario and shock decomposition under scenario values.

The forecast under scenario is computed as the difference of the scenario forecast

0
50 = TSP + Rel

and the baseline, no-shocks, forecast

base __ base

28
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where e? is the solved shock path under the scenario and the initial state vector, s, is
the same for both forecasts. Note that we switch to the notation ) from the notation &

above.
Our “forecast under scenario” is computed by subtracting (1.7) - (1.8), and we then

refer to the units of this forecast under scenario as “deviations from baseline”:

s = Sfcen _ S?ase (1.9)
We can rewrite equation 1.7 as

0
S%iq = TST + RET+1

0 2 0 0
sT19 = Ts741 + Repyg =T s7 + TReryy + Rep o

H
s50 =Tsr + Y T"'Re), (1.10)
h=1

and equation 1.8 as

b
s = Tor

base base 2
styo =Tsr1 =T sr

S35 =T sr (1.11)

We can now rewrite equation 1.9 as

__ .scen base
ST+H = ST+H — ST+H

H
st = (Tsr + Y T 'Rep) — (T sr)
h=1
H

srog =Y T''Re) (1.12)
h=1

The important observation is that the forecast under scenario does not depend on

the initial state sp.
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Similarly, we compute a shock decomposition of our forecast under scenario. We
know that the model is linear and additive, so we can write out the shock decomposition

procedure ignoring the fact that we do this for only one shock at a time.
thockdec — Tsfﬁc{ckdec + RE?

S%hockdec -0 (1'13)

For some period T'+ H, we can then write equation 1.13 as

shockdec __ shockdec 0 _ _shockdec __ 0 _ _shockdec __ 0
sty = 18T +Reppy =571 =T -0+ Repyy =s71 " = Repyy

shockdec __ 0 0
s7is °“ = TRepy +Reryo

H
i =3 119
h=1

Comparing equations 1.12 and 1.14, we can see that the initial state does not enter

into either formulation and that the two should match at each period.
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2 The FRBNY DSGE model: Adding BGG-type financial
frictions to the SW model

2.0.2 Households

The household’s problem is different as households no longer hold the capital stock, and
make investment and capital utilization decisions. Rather, they invest in deposits to the
banking sector D; (in addition to government bonds), which pay a gross nominal interest

rate Rf. Household j’s budget constraint is:

Bt+s (]) Dt+s (]) < Bt+s—1(j)

C )+ <
() biysRiysPiys  RY Prys Py

+

Dot 1(i wh .
trs—1(7) + t+s Lits(j) + s — Tigs. (2.1)
Pt+s PtJFS

Households’ first order conditions for consumption, bonds, and labor supply are un-

changed. The FOC for deposits is
E¢ = BRIEEram )

which implies that

R = Riby,

Rd
and at steady state — = r,b, = 3
7r

*

—leaczf; .

2.0.3 Capital Producers

There is a representative, competitive, capital producer who produces new capital by
transforming general output — which is bought from final goods producers at the nominal
price Qf — into new capital via the technology:
/ t It
=+ YTu(1-95-—)) L (2.2)
I
where z is the initial capital purchased from entrepreneurs in period ¢, and z’ is the new

stock of capital, which they sell back to entrepreneurs at the end of the same period.
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Their period profits, expressed in terms of consumption goods, are therefore given by:

k : :
Ht 71'/ - — T — It
P, P
—%Tt 1- S(i) L —1 2
2 H I, 1 t t

Note that these profits do not depend on the initial level of capital x purchased, so
effectively the only decision variable for capital producers is I;. Since they discount

profits using the households’ discount rate 5'Z;, their FOC wrt I; are:

k
o =L (1-501) - s )
t

I Ii 17 I
_QrF L 1 _
+ B[y STy 8/(FE) ()2 = 5 (2.4)
Py L L

k
Note that this FOC is identical to 1.18 if we replace % with ZF /2.
t

2.0.4 Entrepreneurs

There is a continuum of entrepreneurs indexed by e. Each entrepreneur buys installed
capital K; 1(e) from the capital producers at the end of period ¢ — 1 using her own net

worth N;_;(e) and a loan B! (e) from the banking sector:
QF1Ki-1(e) = Bi_y(¢) + Ne-1(e)

where net worth is expressed in nominal terms. In the next period she rents capital
out to firms, earning a rental rate Rf per unit of effective capital. In period t she
is subject to an i.i.d. (across entrepreneurs and over time) shock w(e); that increases
or shrinks her capital, where log w(e); ~ N(mw,t—l,UZ,tq) where my, ;1 is such that
Fw(e); = 1. Denote by F;_j(w) the cumulative distribution function of w at time ¢,
where the distribution needs to be known at time t — 1. In addition, after observing
the shock she can choose a level of utilization u(e); by paying a cost in terms of general
output equal to a(u(e);) Y per-unit-of-capital. At the end of period ¢ the entrepreneurs
sells undepreciated capital to the capital producers. Entrepreneurs’ revenues in period ¢

are therefore:
{REu(e)e+ (1 - 6)QF — Pa(u(e)) T~ () ()
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or equivalently
w(e) kM (e)iQf_1 K (€)1
where
R (o), = Ryu(e); + (1 - 52;35 — Pia(u(e)) Y™
t—1

is the gross nominal return to capital for entrepreneurs. From the profit function it is

(2.5)

clear that the choice of the utilization rate is independent from the amount of capital
purchased or the w shock, and is given by the FOC:

RY _

L= d(u(e)) T, (2.6)

t

which is the same condition as 1.20. Consequently we can drop the index from the return
Ry

The debt contract undertaken by the entrepreneur in period ¢t — 1 consists of the
triplet (B'(e);_1, R%(e)s, @(e)¢) where RL(e) represents the contractual interest rate, and
w(e); the theshold level of w(e); below which the entrepreneur cannot pay back, which

is therefore defined by the equation:
@(e)tRfo_lk(e)t—l = Rl(e)tBl(e)t_l. (27)

For w(e); < w(e): the bank monitors the entrepreneurs and extracts a fraction (1 — pf)
of its revenues ]%fo_lf? (e)¢—1, where puf represents exogenous bankrupcty costs. The

bank’s zero profit condition implies that [state by state?]:

w(e)t B B
[1 = Fi1(w(e)r)] Rl(e)tBl(e)tﬁ(le_ﬂ/o wdFy—1 (W) R{ Qf_1 K (€)1 = R B'(€)i-1

where Rf_l is the rate paid by the bank to the depositors. If we define leverage as:

use the definitions
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as well as the definiton of w(e), the zero-profit condition can be rewritten as:
. . _ RY
[Teo1(@(e)e) = pi—1Gro1(@(e):)] 7 (1+ o(e)i-1) = o(e)t—1. (2.8)
t—1

Entrepreneurs’ expected profits (before the realization of the shock w;) can be written

as:

/ ‘: [N RHE QK (it — BB (e)roa] dFics(w(e)s) =

/°° w(ehdF_1(w(e)e) — @(e)[l — F1(@(e)y)] | R*(e):Qf 1 K(e)i—1 =

w(e)t
. Ry d
1= Tea(@(e)e)] g — [L+ ele)ea] Ry Ne)i
t—1
The contract that maximizes expected net worth for the entrepreneurs is given by:
§ Ry d
[ = Tea(@(e)e)] g — L+ ele)em] Ry Ne)e—
s - RE
amreen +ne { [Te-1(@(e)e) — pf 1 Gi-1(@(e)r)] Rdt [1+o(e)e-1] — Q(e)t1}
t—1
so that the FOCs are:
: RY |
o(e)e-1: 0=Ep1 |[1 -Tia(@(e))] g —| BiaN ()
t—1

+E;_1

Pk
Nt { [Ft—l(@(e)t) — Mg—th—l(@(e)t)] R _ 1}]

Be):  m= Lty (@(e)) RYN(e)ir

Iy (@(e)e) — pi1Giq(@le)y)
Substituting the second FOC into the first we obtain:

RY " My
RE T (@) — p§_ Gy (@)

Pk
{[Ft—l(wt) — pi_1Gi-1(@r)] R];il - 1}] =0. (2.9)

Ei 1| [1—T1(wy)]

where we omit the the indicator (e) since the condition implies that w(e); only depends
on aggregate variables and is the same across entrepreneurs. From the zero profits
condition 2.8 this implies that leverage o(e);—1 is also the same, hence we can rewrite 2.8
as a function of aggregate variables only:

Rf o C27]5€71Kv1t—1 - Nt—l
Rgﬂ a letil[_(t—l .

[De—1(@) — pf 1 Ge—1(0y)] (2.10)
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Aggregate entrepreneurs’ equity evolves according to:

Vi = /_OO thfo—lKv(e)tfldthl(Wt) -[1- Ft71(@t)]Rl(e)tBl(e)t71

Cfolfzt—l
Qf_th—l - Nt—l

= RiQI_ K1 — |RE, + p§_ Gy (@) Ry

] <Qf_1thl - Ntfl) :
(2.11)
A fraction 1 —~; of entrepreneurs exits the economy and fraction ~; survives to continue
operating for another period. A fraction © of the total net worth owned by exiting
entrepreneurs is consumed upon exit and the remaining fraction of their networth is
transfered as a lump sum to the households. Each period new entrepreneurs enter and
receive a net worth transfer W. Because W is small, this exit and entry process ensures
that entrepreneurs do not accumulate enough net worth to escape the financial frictions.

Aggregate entrepreneurs’ net worth evolves accordingly as:

Ny = Vi + WE. (2.12)

2.0.5 Detrending and steady state

We detrend the additional variables introduced by this extension as follows:

k
N, Vi
qf = %Ttv ny = L t L

v e Wte
2 Pz

— — . 2.13
PtZt*, wt PtZt* ( )

All other variables are detrended as in 1.38. Expressions 2.4, 2.5, 2.6, 2.10, 2.11,

and 2.12 become

gt (1= 5o - 5/ ety 1)
-1 -1 -1
+ B e &gl e S (L et ) (L st 2] = ¢ (2.14)
123 1
- rkut +(1- (S)q’g — a(uy)
Rt — t A t Tt (2.15)
Qt—lﬁr
’["f = (L,(ut) (216)
. ko ke 1 —my
o RE = gL T (2.17)
q;_1ki—1
_ _ Rk qk, ];’ 1 — N¢—1
[Tem1(@r) — p§ 1 Gom1(@r)] 0 = "t (2.18)

R, B a1k
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.
: - - 7 Gkt -
vie*im = Riqf k1 — |R{, + pf\Geoy (@) Rf — ] <Qf_1k‘t71 - nt71>
qtflk'tfl —Nt-1
(2.19)

ng = Yy + wy. (2.20)

Expression 2.9 is already expressed in terms of detrended variables. Note that expres-
sion 2.17 pins down R! given the other variables, as R! does not enter anywhere else.
Therefore, unless we are interested in R', we can ignore this condition. Note also that

expression 2.14 is the same as 1.58.

The steady state relationships are:
gl (1 — S(e*) — S’(ezz)ezi) + Be 7 ughpS () (e7)? = &, (2.21)

which implies since S(.) = S'(.) = 0 at steady state that ¢® = 1. We also parameterize
a(.) so that u, = 1 and a(u,) = 0. With this information, and after some simplification,

we can rewrite the remaining steady state equations as

Eirf—i-(l—é)

- ¥ (from 2.15) (2.22)
Rk
i (@, Tors, 1) (from 2.9) (2.23)
Tox — e - Rf
L 1 — [y (@4) — pSGy (@04)] R (from 2.18) (2.24)

d d Pk e
<1 - V*R**> e, A {R* [1— pGy (@)] — 1} + 7’5— (from 2.19 and 2.20)
s *

e ) ke mee* | R4
(2.25)
Ve =75 L (ne —w?) . (from 2.20) (2.26)
with
I (@)
\IJ (D*) Ows; :U’i = —, —, —* — T %
( ) = T @) I () — G ()] + T2 (@) [T (@) — G (@)
1
= — (2.27)
L= pE T (1= T (@2)] - G (@4)
d
and where R,;* = B leloe—1)2,
Ty €%
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Our strategy for computing the steady state is going to be the following: find a
Pk

solution for the real return to capital — and use 2.22 to find rf:
T
sz
k=122 —(1-9). (2.28)

*
T

Once we have rf we can proceed exactly as in section 1.3 to find the steady state for

d nk
the other variables. In absence of financial friction — and — would be identical, but
Tk T x

frictions induce a spread between the two, which we will compute subsequently as a

function of the primitives in the economy (037*, Uy Yy WE).

We solve for the steady state according to the following steps:

1. Set
F, (0,) = F. (2.29)
and define
Inw, + 102 _
= TR0 g (F.) (2.30)
O wx
which we can use to write
_ w 1 o9
W (Owx) = €Xp { Ouw2y — 50 (2.31)

2. Given the value for the spread for debt contracts, Ri / Rf, we can use equation

(2.17) to write
R _ R GE
RY  RI o,

(Note: this second step can be skipped if instead we calibrate/estimate R¥/R%

(2.32)

directly.)

3. Given R*/R?, we can use (2.23) to write

= —1 , o
(;) Y I N RTA N

which we can use to set

Ni Ows*) = Aris
7 THE [1 =T (@)] + G (@)
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and plugging in the exact expressions we get

A
<R*> _ (2.33)
{1=@ (28 —owi) — @i (1= F) } 4+ @ (2% — 00s)

€ —
M* (Uw) - L‘b(zg)
Owx 1—Fy

. Given the above and equation (2.24) we get
Rk
R?

2 (oy) =1 {@. [1—F]+ 1 —p)® (28 —owe)}

T (2.34)

. Given the elasticity of the spread w.r.t. leverage, (s, derived below in equation
(2.42), we get the following expression

1—<I>(z:)—dw*)

T [1 kg ¢>(Zif)] +1 A

2¢ —owx Owx 1—F% -1
LTJ*"F(l_Ni)(I)( 1—Fy ) o R¢ 1 Csp,b (2.35)
z‘;’ w & - —1 °
pe ?(—F*) % B(2%) ke (%) -1

owx 1—Fy

@402, {liﬁ ¢(z;j)r (171@)2

which we can solve for g,.. Once we find this value we can plug back into the

previous expressions, that depend on o.

. Given 74, and using equation (2.25) we get

w: Ril Ty Rf Rf e w
- (1 —v**> 2o T {Rd 1= 2 (2 — )] 1} (2.36)

* *
T €%

7

L <” - “’) (2.37)

k=1 _(1-9) (2.38)

2.0.6 Log-linearization

Log-linearization of the FOC w.r.t. leverage (expression 2.9) yields:

~k . ~ R N
0=FE; (Rt+1 — Rf) + Cb,wEt@t—&-l + Cb,ng'wJ: + Cb,,ue/if (239)
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with

. " _ e _ ~5 Utn)
2 {1 -T@) + vpries; 0@) - 1°6@))} 5 - o]

! (@ _ —e _ ~E
{1 = Te@)] + rr ey N(@,) - #Gu(@) |

Cb,:r =

defined for = € {Q,Ji,,ue}. Log-linearization of the zero profit condition (expres-

sion 2.18) yields:

=~k A - R R 1/ R =~
Ry = Ry + Coalor + Cop Gt + Copueftiy = = (00) ™" (a1 — @y = Fet) - (2.40)

with 5
_ 5z (@) — p*G(@)] -
G = T.(2)) — G (@) (2.41)

defined for z € {cD, o2, ,ue} . We can further write

~ 1

Wy = —
CZ,(DQ*

z,W

. . = 1 [zF 4 . .
(ntfl —gr - ktﬂ) ~C <Rt — R+ Coon Gt + Cz,ueﬂf—1>
and plug this expression into 2.39 to obtain:

~k «
0 = Et |:Rt+1 - R:ti:| + Cb,aw&w,t + Cb,ueﬂ?

Go [1 . 5 = =k - . .
_C Dj E ( t — Qf - kt) + Et Rt+1 - Réj + Cz,awo'w,t + Cz,ue:u?
2,0 *
hence
~k R ~
Ey |:Rt+1 - Rf] = CSP,b (Qf + ki — ﬁt) + CSP,ow&w,t + Csnueﬂte (2'42)
where
Cb,
_ Cz,&) 7
R
. % 2,006 Cb,aw
CSP’U‘“ = 1 (X
C B Cz,l;
B %Cz,ue - Cb,ue
Cspnu‘e = 1 _ Cb,@

Log-linearization of the expression 2.20, characterizing net worth, yields:

. Vs . . we |
Ay = = (n o+ 0y) + by (2.43)

* *
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Log-linearization of the expression 2.19, characterizing the evolution of entrepreneurial

equity, is
) . R ke —ny [ 2y RF E, _ =k R? n, .
Uy = —Z2— e o, (Rt—l - Wt) =+ o ;*(1 — Gy (@) ( Ry —m | + o ?*nt—l
RE R\ k =
SR AT
(W*ezj( Moy (w*)) 7T*€Z*> Vs qt—1 + Kt—1
R ko - .
_MiG* (w*) T 6*‘2: ; [:u’t—l + CG,LZJwt + CG,Uwa,t—l] 5
(2.44)

where we used the fact that at steady state v, et = Efl_ﬁ*—Rf(l_ﬂ*—n*)—uiG* (@s) Rfl_f

Plugging in the expression for @; we obtain

RY ky —ny /4 RF k.,
I e Sl (1 )+ —
Ty €%% Vs

~

R, oy R\ R R R A
(mez: (1= pGe (@) = — ) o (qf_1 + kH) — G (@n) =2 (51 + (G o Out—1]

L E5 TeC% Uy
. RF E, 1 /. . >
Gy (w*) e*z: I CG’,w [ - oo (nt—l - qf—l - kt—l)
2,00 @%
L (B pe 5 "
— 2,00 0w, t— 2, —
oo t b1t Coow0wit—1 + Copefly 1

Collecting terms yields

b = —Z+(, pe <I§f - 7rt> — Cu,R (Rf_l — 7rt> + CogK (gf_l + Etfl) + Comfru
—Copefti—1 — Cv,000wt—1
(2.45)
with I o
Come = 7oy, [LHEG @) (1 - C:)]
o= B B ) G
Coe = HEG. (@) i - <1 (oo ii )
e = WG (o) T g (S o)
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Finally, substituting this expression into 2.43 we get:

A Ux 4 * e * A
ng = YN + — Wy — Vx Zt
Ty ,\%* .
+Cnﬁk <Rt 7Tt> — Cu,R <R§l_1 - 7Tt) + CngK (df_l + Et,1> + Cnnfi—1
_Cn,ueﬂf—l - Cn,aw&w,t—l
(2.46)
with
C ~ = ~k" (1+Q) _1_ eG ((D ) 1_CG,(:J
L R e
d Dk
Ty R CGw
= Y 1 «) |1 —=— °G.
R K W*ez et LT 0x) ks TG (@) R (.o
Rk i gGw
= 1 e B (1+ o
Cn,qK et 7T*€d ( - Q*Ek. Hht ( ( Cz @ Ox ’7* ek +o )
R* CGw
Cn,n ’7*7'(’*6'2: +'7*7Tfi ( + Q*),U* ( )Czwg*
R G
e = ki (@) (14 0) ( - G gt )
) R CGU CZ [og
0w = VG — (1 . Ow 30w
Cn, w Vo by G (UJ*) Tt ( + Q*)gG,w < CG@ Cz,@

Now normalize the shocks,

6w,t = Csp,aw&w,t (247)
[f = Cspue g (2.48)
Ux .
Y= T T (2.49)
so that the relevant log-linear equations, (2.42) and (2.46), become:
~k N ~
1 [Rm - Rf] = Cspb (c}f + ke — ﬁt) + Gyt + fif (2.50)
and
~k . ~
ﬁt Cn’Rk <Rt — Tt | = (n,R (R:ti—l - 7Tt> + <n,qK ((jf—l + kt71> + Cn,nﬁtfl
+% + W g — Y — st e o g 1 251
e Tex Coppe’ 0 Copo
Log-linearization of 2.15 and 2.14 yield:
=k rk (1-90)
R, —m = * ik -k, 2.52
t k+(1_5)t k+(1_5) t—1 ( )

and 1.93.
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2.0.7 Log-linear distribution

Consider

Inw~N (mw, ai)

which has the properties

Elw] = e Ta0l

In order to get E [w] = 1 we need to set

fw) = o on
Define
1 1.2
¢ (2) = Eejz
O (2) = /Z ! e 2% d
—co V2T

for which we can use matlab functions normpdf and normcdf. Given that Priw

Prllogw < logw] the CDF is

In+ Lo
F(w)zcb(nw+20”)
Ow

We also need the following expression

2= (F)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

<) =

(2.59)

(2.60)

for which we can use an inverse cdf function also available in matlab as norminv.

The partial expectation obeys

152 _n@ Ino — L2
Elww>ao] =@ (2% nw) —1-® (nw 20“)
Ow Ow
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which implies that

G (W)

Finally we define

If we define

then we get

and

N =w[l-2E)]+2(="—o0y)

In order to compute the derivatives, first notice that we can write

¢ (2" = 0w) = @ ()

and
¢’ (2) = =29 (2), Vz

Using this result we can write the derivatives as follows:

G (@) = jwd»w

Q" (@) = _ui:uGl (@) = —%é(z”)
Fl/ ((D) — _%G/ (_7Uw) — _wlo'w (Zw)
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cﬁ
&
(g
E
QL
&
Il
N
8
&
(g
E
QL
&
|
e
8
&
<
E
QL
&

(2.61)

(2.62)

(2.63)

(2.64)

(2.65)

(2.66)

(2.67)

(2.68)

(2.69)

(2.70)

(2.71)



and

) /0w and f,, (@) =

€l

where we use notation f’ (@) = df (

2.0.8 Elasticities

First notice that we have several elasticities defined as

O @) e =@ ) - oued (@
ox [{1 r (CU) + (@) —pe G (@) [P ((,L)) IU,*G <w)]

gb,a: =

gl

which we can rewrite as

{1-T@) + e [ (@) — 4G (@)}

@x
C T = — Ox
b {1 —T@)+ F’(@)F L?G’(w) (@) — psG (w)]}
with
v o= {1 —TE+g (w)F—/(:g)G’ @ (@) — psG (w)]}
k / o
= [1-T (@) g;;, + (@)F—(M*;G’ ® [[r (@) — ps

Elasticities w.r.t. @

First write

(2.72)
(2.73)

(2.74)
(2.75)

(2.76)

of (w) /oy, for f € {G,T}.

o , . RE
w = R
Dk " (D )
I @) - e @) -1 | HEEE)
(o Dk
o [ (@)~ i (B)]



and simplify to

I Pk " (NT (D) — G ()T (D
0w { *wMRKJ}G<>i<>G<>r<>
?

0w
"(@)G (0) -G (0)T (»)
[ (@) - psG (@)

where we used 2.24. We can plug this expression into the elasticity to obtain
e ne L4 (@02) G (@4) =G (@)% (@)
S N VACAETCACR)L

Cow = 5 > g
, B _ Iy (s)— iG* Wi R}:
{1 — T (@) + T (@4) %} R

i (2.78)

We also have from 2.41
I (wx) = psGY (@s)

CGw = — — @ 2.79
0= T, (@) — G (@) (279)
Notice that if we plug everything into
Cb,w N nx _ 1\—1
PP == S
spo G 1 — Bx -]
1 Czw K 1 Cb,&:
(2 1)
- - e mea @ (280)
| D@)-uE @) {1-r@+r @ mE e Rl
INEETE ) e B 6) - @) n
* (F/(w) EG/(w)) ks
this becomes
T
* (2.81)

w*[l <I>(z )] (lfy,*)q)(z* 70'w*)

Cspb = { [1-@x[1-2(2{) S(z;":}aw*)] [k@(zw) ¢(z“’)}+1 @(zw)}%
1 &
)

Elasticity of w.r.t. o,

First we compute the derivative

or Rk I (@) Rk
a - _FUw ((U) E + T’ ((I)) — MiG/ ((I}) [Fdw ( ) Gaw ( )} Ril
+F;W (@) [IM (@) = p$G" (@)] =T (@) [T, (@) — p5Gy, (@)]

[ (@) — psG (@)

hence
~ Goy, (@ _ _ _ _
L R v BT P o) B OB, (B) -1 (@) Gy, (@)
0o~ \ 1- p &9 R @) - w6 @)
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so that

A P % (@) —ps Gl @)

1— eGUw*(‘:’*) Sk ! [~ / ~ ! (A /
Hx Toy* (@) _ 1 I‘ (aj ) & + Me& G*(w*)raw*(w*)_r*(w*)Guw*
Ow* * Rf *

Cba = = -
1T w _ Rk T (©4) N
[1—F*(W*)]R*g+m(l_ﬂ>

We also have
Doy (@04) = p5Go,x (@)

“o T T @) G @)
Elasticity of w.r.t. u°
First solve ~ -
v V@G (@ n IM@Gw RE
e (@) — peG (@) ks TV (@) — psG' (@) RY
so that
DL (@) G (@) n. 5 ) B
Cppe = — (o) —peor (o) o Uk (04) G (©04) T
’/J'e - >,

_ s
1 T (@] [T (@) — 56 (@) B+ T (@) (1- 32)

We also have

CZ,!LE = _P* ((I)*) — MiG* ((I)*)/Jl*
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(2.84)
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